Distinctive power of the alliance polynomial has been studied in previous works, for instance, it has been proved that the empty, path, cycle, complete, complete without one edge and star graphs are characterized by its alliance polynomial. Moreover, it has been proved that the family of alliance polynomial of regular graphs with small degree is a very special one, since it does not contain alliance polynomial of graphs other than regular graph with the same degree. In this work we prove that the alliance polynomial also determines the wheel graphs.
Introduction.
Several graph parameters have been used to define a graph polynomial, for instance, the parameters associated to matching sets [6] , independent sets [7] , domination sets [1] , differential number [2] , chromatic numbers [11] and many others. In [4] , authors introduce the alliance polynomial of a graph using the exact index of alliance. In [5] , they study the alliance polynomials of regular graphs.
We begin by stating the used terminology. Throughout this paper, G = (V, E) denotes a simple graph of order |V | = n and size |E| = m. We denote two adjacent vertices u and v by u ∼ v. For a nonempty set X ⊆ V , and a vertex v ∈ V , N X (v) denotes the set of neighbors v has in X: N X (v) := {u ∈ X : u ∼ v}, and the degree of v in X will be denoted by δ X (v) = |N X (v)|. We denote by δ and ∆ the minimum and maximum degree of G, respectively. In particular, if G is a regular graph we denote by ∆ the degree of G, in fact, we write G is ∆-regular. The subgraph induced by S ⊂ V will be denoted by S and the complement of the set S ∈ V will be denoted byS.
A nonempty set S ⊆ V is a defensive k-alliance in G = (V, E), k ∈ [−∆, ∆] ∩ Z, if δ S (v) ≥ δS(v) + k for every v ∈ S. We consider the value of k in the set of integers K := [−∆, ∆] ∩ Z. In some graph G, there are some values of k ∈ K, such that do not exist defensive k-alliances in G. For instance, in the star graph S n with n vertices, does no exist defensive k-alliances for k ≥ 2; besides, V (G) is a defensive δ-alliance in G. Notice that for each S ⊂ V (G) there exists k ∈ K such that S is a defensive k-alliance in G. We denote by k S := max{k ∈ K : S is a defensive k-alliance}. We say that k S is the exact index of alliance S, or also, S is an exact defensive k S -alliance in G.
Let G be a graph. We define the alliance polynomial of a graph G as
with A k (G) the number of connected exact defensive k-alliances in G.
We say that a graph G is characterized by a graph polynomial f if for every graph G ′ such that f (G ′ ) = f (G) we have that G ′ is isomorphic to G. The class of graphs F is characterized by a graph polynomial f if every graph G ∈ F is characterized by f . This notion has been studied for the chromatic polynomial, the Tutte polynomial and the matching polynomial in [8, 9] . It is shown, e.g.,that several well-known families of graphs are determined by their Tutte polynomial, among them the class of wheels, squares of cycles, complete multipartite graphs, ladders, Möbius ladders, and hypercubes.
The distinctive power of the alliance polynomial has been studied in previous works, for instance, in [4] authors proved that the empty, path, cycle, complete, complete without one edge and star graphs are characterized by their alliance polynomials. Moreover, in [5] was proved that the family of alliance polynomial of ∆-regular graphs with small degree (i.e., ∆ ≤ 5) is also characterized by the alliance polynomial. In this work we prove that the alliance polynomial also characterizes the wheel graphs.
The main result in this paper is Theorem 1. In our attempt to prove it we obtain a close formula for the alliance polynomial of the wheel graphs using combinatorial arguments, see Proposition 3. The proof of Theorem 1 is given in the next section. Theorem 1. Wheel graphs are characterized by the alliance polynomial.
Proof of the main result
The following result that will be useful appears in [4, Theorem 2.12] Theorem 2. Let G 1 , G 2 be two graphs with order n 1 and n 2 , respectively. Then
Since wheel graph W n is an isomorphic graph to E 1 + C n−1 for every n ≥ 4, Theorem 2 has the following consequences.
Proposition 3. Let W n be a wheel graph with order n ≥ 4. Then
where, ξ n = 0 if n is even and ξ n = 1 if n is odd,
Proof. We remark, from the geometry point of view, that wheel graph W n is union of one star graph S n and a cycle C n−1 obtained by identifying the pendants vertices of S n with the vertices of C n−1 . We colloquially refer to W n as a graph separated in two parts an n-star S n and an (n − 1)-cycle C n−1 . By Theorem 2 we have to compute A(E 1 , C n−1 ; x). Fix n ≥ 4. In order to compute A(E 1 , C n−1 ; x), let us consider S ⊂ V (W n ) containing the central vertex and |S| ≥ 2. Hence, we separately analyze subsets S with different cardinality.
2 ≤ |S| = k ≤ n − 1: Since S contains the center vertex there are n−1 k−1 ways to choose S ∩ V (C n−1 ), but we can obtain defensive alliances with two different exact indices as below
• There is an isolated vertex in S ∩ V (C n−1 ). For each S we have an exact defensive min{k − 1 − (n − 1 − k + 1), 1 − 2}-alliance since the others vertices in C n−1 do not contribute to the exact index of S. Denote the number of those S by a n,k . Therefore, does appear the addend a n,k x n+min{2k−1−n,−1} .
• None of the k − 1 vertices in C n−1 is isolated. So, all S are exact defensive min{k − 1 − (n − 1 − k + 1), 2 − 1}-alliances. Denote the number of those S by b n,k . Therefore, does appear the addend b n,k x n+min{2k−1−n,1} . |S| = n: In this case S = V (W n ) and induces the wheel graph W n . So, we have an exact defensive 3-alliance, since δ Wn = 3 and W n is connected. So, the addend x n+3 appears. Now we compute b n,k by solving the following combinatorial problem How many cyclic binary strings of length n − 1 have exactly k − 1 numbers 1's such that does not appear the substring 010? 1 Now enumerate the vertices of C n−1 from 1 to n − 1 such that consecutive labels are adjacent. So, it is equivalent to count configurations of r blocks of several 1s separated by at least one zero for 1 < r < ⌈n⌉/2. Hence, first choose configurations of r blocks of 1s interlaced in a chain of n − k zeros, and secondly select the length of the r blocks of 1s, i.e., r addends with sum k − 1 where each addend is greater than or equal two. Analyze separately the following cases The following results will be useful which appear in [4, Proposition 3.4].
Proposition 4. Let C n be a cycle graph with order n ≥ 3, then (3) A(C n ; x) = n x n−2 + n(n − 2) x n + x n+2 .
Let A(G; x) be the alliance polynomial of a graph G, we denote by Deg(A(G; x)) and Deg min (A(G; x)) the maximum degree and minimum degree of its terms, respectively. We recall some previous results for general graphs will be useful which appear in [4, Theorems 2.4 and 2.5].
Lemma 5. Let G be a graph. Then, A(G; x) satisfies the following conditions i) A −∆ (G) and A −∆+1 (G) are the number of vertices in G with degree ∆ and ∆ − 1, respectively. ii) A(G; 1) < 2 n is the number of connected induced subgraphs in G.
iii) A ∆ (G) is equal to the number of connected components in G which are ∆-regular. iv) n + δ ≤ Deg(A(G; x)) ≤ n + ∆.
The following result allows to characterize the wheel graphs by its alliance polynomials.
Theorem 1. Wheel graphs are characterized by the alliance polynomial.
Proof. Let W n be a wheel graph with order n ≥ 4 and G a graph such that A(G; x) = A(W n ; x). Suppose that G has order n 1 and degree sequence {δ 1 , δ 2 , . . . , δ n1 } (ordered as follows δ 1 ≥ δ 2 ≥ · · · ≥ δ n1 ). Since Deg min (A(G; x)) = 1, there is w ∈ V (G) such that for every v ∈ V (G) \ {w} we have v ∼ w; we say that w is a central vertex in G (notice that by Lemma 5 item 1 it is unique). Therefore, G is a connected graph, δ n1 ≥ 1 and G contains an isomorphic subgraph of S n1 , we denote this subgraph by G S . Since Deg(A(G; x)) = n + 3, we have (4) n 1 + δ n1 ≤ n + 3, =⇒ n 1 ≤ n + 2.
By (2), we have
By Lemma 5 item 2 we have n 1 ≥ n. Then, n ≤ n 1 ≤ n + 2.
If n 1 = n + 2, then δ n1 = 1 by Lemma 5 item 4. Consider now v ∈ V (G) with δ G (v) = 1. Notice that, V (G) \ {v} is a defensive 1-alliance in G, so, we have two defensive 1-alliances in G. So, it is a contradiction since A(G; x) is monic polynomial of degree n + 3 only one term with degree greater than n + 1. Therefore, n 1 ≤ n + 1.
If n 1 = n + 1, then 1 ≤ δ n1 ≤ 2 by (4). Besides, if δ n1 = 1, then V (G) is an exact defensive 1-alliance and so, appear a term x n1+1 = x n+2 ; this is a contradiction with (2), thus δ n1 = 2. Consider now v ∈ V (G) with δ G (v) = 2 and v 1 the adjacent vertex of v different to w. If δ G (v 1 ) ≥ 3, is easy to check that V (G) \ {v} is a defensive 1-alliance in G, so, since V (G) is an exact defensive 2-alliance, we have that the number of defensive 1-alliance in G is at least 2, but this is a contradiction with (2). This implies that any vertex in G with degree 2 is adjacent to w and other vertex of degree 2. Assume that v 1 , v 2 ∈ V (G) with v 1 ∼ v 2 and δ G (v 1 ) = 2 = δ G (v 2 ). If n > 4, then V (G) \ {v 1 , v 2 } is a defensive 1-alliance in G and so, A(G; x) = A(W n ; x) since G have at least 2 defensive 1-alliances. If n = 4, then W 4 ≃ K 4 and [4, Theorem 3.9] gives the uniqueness of A(W 4 ; x). So, such graph G with order n + 1 such that A(G; x) = A(W n , x) does not exist. Now, we assume n = n 1 . Our next claim is that δ 2 = 3. Seeking for a contradiction assume that δ 2 > 3. Consider v 2 ∈ V (G) with δ G (v 2 ) = δ 2 ≥ 4. So, S = {v 2 } is an exact defensive (−δ 2 )-alliance which provides a term x n−δ2 . Since n − δ 2 < n − 3, (2) gives that n − δ 2 is odd, i.e., n − δ 2 = 2t − 1 for some t ∈ N. Note that every S ⊂ V (G) with w ∈ S and |S| = t is an exact defensive (−δ 2 )-alliance,
. This is the contradiction we were looking for, so δ 2 ≤ 3. Besides, if δ 2 < 3, then G is a proper subgraph of W n and [4, Proposition 2.7] gives that A(G; x) = A(W n ; x). Thus, we have δ 2 = 3. Taking δ 2 = 3 in the previous argument, we obtain that A −3 (G) is the number of vertex with degree 3 plus the number of subset S with {w} ⊂ S ⊂ V (G) and |S| = (n − 2)/2. Thus, A −3 (G) = A −3 (W n ) if and only if δ 2 = δ n (i.e., every vertex in V (G) different of w has degree 3). So, we have that degree sequence of both graphs is {n − 1, 3, . . . , 3}; in fact, G C := V (G) \ {w} is a 2-regular graph. Finally, seeking for a contradiction assume that V (G) \ {w} is disconnected. Note that G is an isomorphic graph to E 1 + G C , besides, G C is a disjoint union of r ≥ 2 cycle graphs. Without loss of generality we can assume that G C ≃ ∪ r i=1 C ni with r i=1 n i = n − 1. Hence, it suffices to prove A(G C ; 1) = A(C n−1 ; 1) by Theorem 2. Then, by Proposition 4 we have A(G C ; 1) = A(C n1 ; 1) + . . . + A(C nr ; 1) = r i=1 n i 2 − n i + 1 . It is easy
This is the contradiction we were looking for, therefore, G C is connected.
Unimodality of the alliance polynomial of wheel graphs
Unimodal polynomials arise often in combinatorics, geometry and algebra. The reader is referred to [3, 10] for surveys of the diverse techniques employed to prove that specific families of polynomials are unimodal. In this section we show that the alliance polynomial of several wheel graphs are unimodal.
A finite sequence of real numbers (a 0 , a 1 , a 2 , ..., a n ) is said to be unimodal if there is some k ∈ {0, 1, ..., n}, called the mode of the sequence, such that a 0 ≤ ... ≤ a k−1 ≤ a k and a k ≥ a k+1 ≥ ... ≥ a n ; the mode is unique if a k−1 < a k and a k > a k+1 . A polynomial is called unimodal if the sequence of its coefficients is. Since several times there will be a lot of coefficients in an alliance polynomial that are zeros, along this paper we say that an alliance polynomial with coefficient zero in every even (odd, respectively) powers of x is unimodal if the sequence of its non-zero coefficients is unimodal.
In [4, 5] , authors study unimodality of alliance polynomial of some graphs: path, cycle, complete, complete without one edge, and cubic graphs. No all of them are unimodal, for instance, the alliance polynomial of path graphs A(P n ; x) and complete graph without one edge A(K n /e; x) are unimodal if and only if 2 ≤ n ≤ 4. We show that the alliance polynomial of wheel graphs with even order A(W 2n ; x) are unimodal. The following result is a direct consequence of Propositions 3 and 4 Theorem 6. A(W 2n ; x) is unimodal with mode A −1 (W 2n ). First note that A −2n+1 (W 2n ) < A −2n+3 (W 2n ) < . . . < A −1 (W 2n ). Besides, A 1 (W 2n ) > A 3 (W 2n ). Now we claim a m,r−1 ≥ b m,r for every 2 ≤ r ≤ m − 1. Let r be fixed. From each of the b m,r configurations we can obtain a configuration out of the a m,r−1 configurations by replacing the second digit 1 in the first block of ones 2 with a 0. Since those b m,r configurations are different, we obtain b m,r ≤ a m,r−1 .
Proof. By Proposition 3, we have
On the other hand, we have that b 2n,n < 2n−1 n = 2n−1 n−1 . Therefore, we obtain A −1 (W 2n ) > A 1 (W 2n ).
